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Abstract. An involutive distribution C on a smooth manifold M is a Lie-algebroid acting 
on sections of the normal bundle TM/C. It is known that the Chevalley-Eilenberg complex 
associated to this representation of C possesses the structure X of an Loo-algebroid. It 
is natural to interpret X as the (derived) Lie algebroid of vector fields on the space M of 
integral manifolds of C. In this paper, I show that X is embedded in an Aoo-algebra D 
of (normal) differential operators. It is natural to interpret D as the (derived) associative 
algebra of differential operators on M. Finally, I speculate about the interpretation of D as 
the universal enveloping strong homotopy algebra of X. 



Introduction 

Let M be a finite dimensional smooth manifold and C an involutive distribution on it. 
In view of Frobenius theorem the datum of C is equivalent to the datum of a foliation of 
M. The pair (M, C) is a finite dimensional instance of a diffiety (or a D-scheme, in the 
algebraic geometry language) which is a geometric object formalizing the concept of partial 
differential equation. There is a rich cohomological calculus, sometimes called secondary cal- 
culus [Sni EU [22] , associated to a difhety (M, C). Secondary calculus may be interpreted to 
some extent as a differential calculus on the space of integral manifolds of C. All construc- 
tions of standard calculus on manifolds (vector fields, differential forms, differential operators, 
etc.) have a secondary analogue, i.e., a formal analogue within secondary calculus. For in- 
stance, secondary functions are characteristic cohomologies of C, secondary vector fields are 
characteristic cohomologies with local coefficients in normal vector fields, etc. (see the first 
part of [23] for a compact review of secondary Cartan calculus). In [23] I speculated that 
secondary calculus is actually a derived differential calculus in the sense that "all secondary 
constructions come from suitable algebraic structures up to homotopy at the level of ( charac- 
teristic) cochains" . As a fundamental motivation behind this conjecture, I discussed in [24j 
the Loo-algebroid of secondary vector fields. 

This is a companion paper of [23]. Here, I present a further motivation behind the above 
mentioned conjecture: the ^oo-algebra of secondary (linear, scalar) differential operators. The 
main technical tools to show the existence of such ^oo-algebra are homological perturbations 
and homotopy transfer. The strategy of the proof is the following. Let 'D{A) be the associative 
DG algebra of differential operators on longitudial differential forms (i.e., differential forms 
along C). It projects naturally onto the DG module A (8> P of A- valued differential operators 
on C°°{M), normal to C. Actually, there are contraction data for 'D(A) over A iS) T> (see 
Subsection 11.41 for the definition of contraction data). The latter allow to induce an A^o- 
algebra structure in Acg)I? from the DG algebra structure in P(A). Suitable contraction data 
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can be constructed using purely geometric (supplementary) data as follows. First construct 
Poincare-Birkhoff-Witt (PBW) type isomorphisms D(A) ^ S'DerA and A (g) P A ® S'X 
(here DerA is the DG Lie algebroid of derivations of A, and X is the module of sections of 
the normal bundle TM/C). Second, notice that S'*DerA and A ® S'X are commutative DG 
algebras and there are simple contraction data for S'DerA over A S'X. Third, use the 
Homological Perturbation Theorem (and the PBW isomorphisms) to construct contraction 
data for T)[K) over A (8) from contraction data for ^'DerA over A ® S'X. 

The paper is basically self-consistent and it is organized as follows. It is devided into three 
sections. In the first one, I collect the algebraic preliminaries: namely, differential operators 
on graded algebras, strong homotopy structures, homological perturbations and homotopy 
transfer. In subsection II. 5^ I show how, under suitable regularity conditions (namely, the ex- 
istence of a PBW type isomorphism), the universal enveloping algebra of a DG Lie algebroid 
contracting over a complex (C, J), can be homotopy transferred to produce an Aoo-algebra 
structure in S'C^, the symmetric algebra of C (see below for details). To my knolewdge, this 
remark appears here for the first time. In the second section, I present my main framework, 
which consists of some basic geometry and homological algebra of a foliation, including few 
not so standard aspects like (normal) diff'erential operators on a foliated manifold. Moreover, 
I define a distinguished class of connections on a foliated manifold, that I call adapted connec- 
tions. Finally, I use adapted connections to construct two suitable PBW type isomorphisms 
©(A) ~ S'*DerA and A ® P ~ A ® S'X. Notice that a concept more general than an adapted 
connection is used in the note [H] (see also [5]) for similar purposes, in the much wider context 
of Lie pairs. Unfortunately, [14j does not contain proofs. In the third section, I collect all the 
constructions introduced in the preceeding sections to get the Aoo-algebra structure in A ® P 
as outlined above. Finally, I compute the higher order components of all higher operations 
and, in particular, prove that they vanish from the fourth on. In the conclusions, I speculate 
about the interpretation of the ^oo-algebra A (8) 2? as the universal enveloping strong homotopy 
algebra of the Loo-algebroid A (g X. 

I will adopt the following notations and conventions throughout the paper. The degree of 
a homogeneous element u in a graded vector space will be denoted by v. However, when it 
appears in the exponent of a sign (— ), I will always omit the overbar, and write, for instance, 
{-f instead of {-f. 

Every vector space will be over a field K of zero characteristic. liV = Vi is a graded 
vector space, I denote by V[l] = 0^ V[l\i its suspension, i.e., the graded vector space defined 
by putting = Vi+i. 

Let Vi, . . . ,Vn be graded vector spaces, 

V = {vi,...,Vn) G Vi X ••• X K, 

and cr € 5„ a permutation. I denote by xi^^^'^) the sign implicitly defined by 

A • • • A = x(o-, v)vi A-- - AVn, 

where A is the graded skew-symmetric product in the (graded) exterior algebra oiVi(B - • - (BVn. 

If is a (left) module over a graded, associative, graded commutative, unital algebra A, I 
denote by the symmetric product in the (graded) symmetric algebra S\W of W. 
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Let fei, . . . , /c£ be positive integers. I denote by 5"/;^^...^^^ the set of (fci, . . . , ki)-unshufftes, i.e., 
permutations cr of {1, A;i + ••• + k^} such that 

cr{ki H h /ci-i + !)<•••< a{ki H h ki_i + ki), i = !,...,£. 

The pairing between vectors and covectors will be denoted by (•,•). 
If is a set, I denote 

S'' := 5 X ■ ■ ■ X S, 

k times 

and the element {s, . . . , s) of the diagonal will be simply denoted by s'^, s £ S. 

Now, let M be a smooth manifold. I denote by C°°(M) the real algebra of smooth functions 
on M, by X(M) the Lie-Rinehart algebra of vector fields on M, and by A(Af ) the DG algebra 
of differential forms on M. Elements in j£(M) are always understood as derivations of C°°{M). 
Homogeneous elements in A(M) are always understood as C°°(M)-valued, skew-symmetric, 
multilinear maps on X(M). I denote by d : A(Af) — > A(M) the exterior differential. Every 
tensor product will be over C°°(M), if not explicitly stated otherwise, and will be simply 
denoted by (8). I adopt the Einstein summation convention. 

By a connection I will mean a linear connection in T*M or, which is the same, in TM. 
Moreover, I will always understand the obvious extension of a connection to the whole tensor 
bundle 0._^. TM®* ® T*M®K Let V be a connection, . . . , z", . . . coordinates in M, and T a 
covariant tensor on M locally given by 

T = Ta^,„a^dz''' ■ ■ ■ ® dz^'K 

I denote by V aTai...ak the components of the covariant derivative VT of T with respect to V, 
i.e., 

VT = V aTa^.^aJz"" ® dz"^ (g) • • • ® dz"'^ . 

Finally, the round bracket in Tj^ai-afc) denotes symmetrization, i.e., T(^ai---af,) = 

1. Algebraic Preliminaries 

1.1. Differential Operators over Graded Commutative Algebras. Let ^ be a graded, 
associative, graded commutative, unital -ftT-algebra, and let P, Q be (left) ^-modules. An 
element a € A, define endomorphisms (multiplications by a) P — > P and Q — > Q which, 
abusing the notation, I denote again by a. Consider the graded A-linear map 

5a : Hom^(P,Q) HomA^(P,Q) 

defined by 

where [•, •] is the graded commutator. A graded, iC-linear map 

n-.p^Q 

is a (linear) differential operator of order k if 

^ao^ai ■ ■ ■ (^afcD = for ah ao,ai, ... ,ak e A. 
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Example 1. A derivation of A is a differential operator of order 1. More generally, a der- 
operator □ : P — > P over a derivation A in A, i.e., an operator □ such that 

U{ap) = A{a)p + {-)''^aap, a e A, p e P, 

is a differential operator of order 1 . 

The left A-module of differential operators □ : P — > Q of order k will be denoted by 
Q). Clearly, 'Dq{P, Q) = Hom^(i-', Q) and there is a chain of ^-modules 

Vo{P, Q) c • • • c Vk{P, Q) c Vk+i{P, Q) c • • • , 

defining a filtration in the A-module V{P,Q) := |J^I?fe(P, Q). The associated graded object 
:= ©fc5fc(P,Q), SkiP,Q) := Vk{P,Q)/'Dk-iiP,Q), is called the module of symbols. 
I denote by 

ak:Vk{P,Q) ^Sk{P,Q) 

the projection. 

Let R be another y4-module. The composition Di o ^2 : P — > R of differential operators 
□i : Q — > R and ^2 : P — > Q, of the order ii and ^2i respectively, is a differential operator 
of the order li + £2- Accordingly, there is a well defined A-bilinear map 

: R) X Q) S{P, R) 

defined by 

ai,{ai)Qai,{a2) ■.= ae,+e,{aion2), □^eP^,(P,Q), i = l,2. 

I simply denote by ^{A) = |J^, I^fc(^) (or just V = |J^, D^, if this does not lead to confusion) 
the graded, associative, filtered, unital ii'-algebra A) of differential operators A — > A 
and by 5(^4) (or just S) the corresponding module of symbols. The bilinear map S{A) x 
S{A) — > Si^A) defined above, gives S{A) the structure of a graded, associative, graded 
commutative, unital iT-algebra. Notice that the (graded) commutator [□1,02] of differential 
operators □1,02 : A — > A of the order ^1,^2 respectively, is a differential operator of the 
order ii + £2 — 1. Accordingly, there is a well defined ET-bilinear bracket 

{■,-}:S{A)xS{A)^S{A) 

defined by 

{a^, (Di), (7^2(02)} :=fTfi+^,-i(Pi, □2]), aieVe^, i = l,2. 

The bracket {•, •} gives S the structure of a graded, Poisson i^-algebra. Notice that T>q = 
Sq = A, T>i = A (B Der^ and Si = Der^, where DerA denotes the A-module of derivations of 
A. 

Denote by Derfc(A, Q), the ^-module of graded, graded symmetric, Q-valued multideriva- 
tions of A with k entries. The map 

£k : Sk{A,Q) ^Derfc(A,Q) 

given by 

£kO-k{0){ai, . . . ,ak) ■■= Sa^ ■ ■ ■ 6a^^O, neVk, ai,...,ak€A 
is a well defined A- linear map. 
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Remark 2. Let A be the M.-algebra of smooth functions on a graded manifold N. Then 

is an isomorphism of A-modules, whose inverse 

Q0S\BeiA^Sk{A,Q) 

si defined by 

q'S'Xi Xk I — > cTkiqXi o • • • o Xk), 

q £ Q, Xi, . . . , Xk € X{N). Moreover, {S, {■, •}) is the Poisson algebra of fiber-wise polynomial 
functions on T*N. 

1.2. Universal Enveloping of a Lie-Rinehart Algebra. Let A = 0j be a graded, 
associative, graded commutative, unital iC-algebra, and Q a graded Lie-Rinehart algebra over 
it, i.e., 1) Q is a graded Lie algebra and 2) an A-module, 3) A is a Q-module, and 4) the 
following compatibility conditions hold 

{a ■ q) ■ b = a ■ {q ■ b) 
q-{a-b) = {q-a)-b+{-ra-{q-b) 
[a-q,r]=a-[q,r] - (-)^('^+5)r(a) • g 

for all a,b (z A, q,r Q. In particular Q acts on A via derivations. The prototype of a 
Lie-Rinehart algebra over A is DeiA. 

An enveloping algebra of the Lie-Rinehart algebra Q is a graded, associative, unital K- 
algebra E together with 1) a morphism j : A — > E of ET-algebras, and 2) a morphism of Lie 
algebras J : Q — > E such that 3) 

J{a-q) = j{o)J{q) 

j{q-a) = J{q)j{a)-{-rj{a)J{q) 

for all a G A, g € Q. As an example, notice that the associative algebra 2^(A) is an enveloping 
algebra of Q, with morphisms j, J given by the canonical injection A — > ^(^) and the action 
Q — > Dei A c V{A). 

A morphism of the enveloping algebras E and E' is a morphism / : E — > E'oi graded, 
unital K -algebras such that diagrams 

E ^ E' E ^ E' 

A Q 

commute. A universal enveloping algebra is an enveloping algebra U (Q) such that for any 
other enveloping algebra E there is a unique morphism U (Q) — > E of enveloping algebras. 
In particular an enveloping algebra of Q acts on A by differential operators, i.e., there is a 
morphism of ii'-algebras 

U{Q) V{A). (1) 

Universal enveloping algebras are clearly unique up to (unique) isomorphisms. A canonical 
one can be constructed as follows. Let U be the tensor algebra of the graded vector space 
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AQ Q, and I CU the two sided ideal generated by relations 

a (g) 6 = a ■ 6 

a q = a ■ q 
q^a- (-)"^a ®q = q-a 
q®r - {-y^r ® q = [g, r], 

for all a, 6 G yl, and q,r & Q. Put U{Q) := U/I. Then [/(Q) is clearly a universal enveloping 
algebra of Q with morphisms j, and J given by the compositions of the canonical injections 
A — > U, and Q — > U, with the projection U — > U{Q). 
It follows from the above construction that U [Q) possesses an algebra filtration 

UoiQ) c Ui{Q) C---C U,{Q) C---C U{Q) (2) 

bounded from below, where Ui{Q) C U{Q) is the left A-submodule generated by products of 
at most i elements of the form J{q), q & Q. I denote by G'i:U{Q) = 0^ Grj[/((5) the graded 
algebra associated to the filtration i.e., GTiU{Q) := Ui{Q)/Ui-i{U). Since 

[U,iQ),UjiQ)]cUi+j.,iQ), 

GtU{Q) is a commutative algebra, and the commutator in U {Q) induce a graded Poisson 
bracket in it. Notice that Uo{Q) = GtoU{Q) = A and Ui{Q) = GyiU{Q) A where the 
splitting GiiU{Q) — > Ui{Q) of the exact sequence 

^ ^ ^ UiiQ) GnUiQ) 

is given by 

A + ^^ A- A(l). 
There is a canonical ^-linear, surjective, Poisson map 

S\Q GrUiQ) (3) 
mapping S\Q to GriC/((5), and given by 

qiQ---Qqi^ J{qi) ■ ■ ■ J{qi) + Ui-i{Q). 

Remark 3. If A is the algebra of smooth functions on a graded manifold N and Q is the Lie- 
Rinehart algebra of sections of a Lie algebroid over N then 1) projection (0j is an isomorphism, 
moreover 2) exact sequences — > f7i_i(Q) — > Ui{Q) — > Gr:iU{Q) — > split (in a non 
canonical way). Therefore there is a (non- canonical) Poincare-Birkhoff-Witt (PBW) type 
isomorphism of (filtered) A-modules 

U{Q) « S\Q, 

(for details about how to construct such isomorphism in the non-graded case see, for instance, 
|18j ). Notice that, if Q = Der^ is the Lie-Rinehart algebra of vector fields over N , then ^ is 
an isomorphism and U{Q) identifies with T>{A) in a canonical way. Consequentely, GrU{Q) 
identifies with the algebra S{A) of symbols. 

Now, suppose that ^ is a commutative DG algebra with differential 5, and Q is a DG 
Lie-Rinehart algebra, i.e., Q is endowed with a degree 1 differential Sq such that 1) Sq is a 
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derivation of the graded Lie algebra structure, 2) So is a der-operator over 5 of the ^d-module 
structure, i.e., 

5o{a ■ q) = 6a ■ q + (-)"a • 5oq. 
In the above hypothesis, 6 and 6o can be extended as a unique derivation to the tensor algebra 
U. Moreover, such derivation preserves the ideal / and, therefore, descend to a derivation of 
U{Q) which becomes a DG algebra (satisfying a DG version of the universal properties of 
universal enveloping algebras) called the universal enveloping DG algebra of the DG Lie- 
Rinehart algebra Q. 

Example 4. Let A be the DG algebra of smooth functions on a DG manifold N with ho- 
mological vector field d, let Q = Der^, and let 6q : Der^ — > Der^ be the inner derivation 
\d, ■]. Then U{Q) identifies with D(A) and the differential in it is again [d, ■]. Hence, GrU{Q) 
identifies with S^Q, the DG Poisson algebra of fiberwise polynomial functions on T*N . 

For more details about the material contained in this subsection see, for instance, [51 117|. 

1.3. Strong Homotopy Structures. In this paper, conventions about strong homotopy 
algebras are the same as in [12]. Let {V,6) be a complex of vector spaces and £/ be any 
kind of algebraic structure (associative algebra. Lie algebra, module, etc.). Roughly speaking, 
a homotopy ^/-structure in {V,5) is an algebraic structure in V which is of the kind £/ 
only up to (^-homotopies, and a strong homotopy (SH) -structure is a homotopy structure 
possessing a full system of (coherent) higher homotopies. In this paper, I will basically deal 
with four kinds of SH structures, namely SH associative algebras (also named Aoo-algebras), 
SH modules (also named ^doo-modules), SH Lie-Rinehart algebras, and SH Poisson algebras. 
For them I provide detailed definitions below. 

Definition 5. Let A be a graded vector space, and £/ = {a^, k € N} a family of k-ary, 
multilinear, degree 2 — k operations, 

ak-. a'' — > A, € N. 

The pair (A, £/) is an Aoo-algebra if 

i+j=k 1=0 

for all xi, . . . ,Xk G A^, /c G N (in particular, {A, ai) is a cochain complex and H{A, ai) is a 
graded associative algebra). 

If A has only degree homogeneous component, then an ^oo-algebra structure in A is 
simply an associative algebra structure for degree reasons. Similarly, if = for all k > 2, 
then {A, £/) is a DG (associative) algebra. 

Definition 6. Let {A,£/) be an Aoo-algebra. A strict unit in A is a degree element e & A 
such that 02 (e, x) = a2{x, e) = x for all x A and at = 0, for all k ^2, whenever one of the 
entries is equal to e. An A^o-algebra with a strict unit is called strictly unital. 

Definition 7. Let {A,£/) be an A^o-algebra, £/ = {ak, k G N}, M a graded vector space, 
and ^ = {//fc, /c G N} a family of k-ary, multilinear, degree 2 — k operations, 

Hk ■■ ^^"^ xM ^ M, A; G N. 
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Define new operations 

af -.{A® Mf -^A®M, A; G N, 

extending the previous ones by linearity, and the condition that the result is zero if one of the 
first k — 1 entries is from M . The pair (M, ^) is an ^oo-module over {A, £/) if 

i+j=k e=o 

for all yi, . . . ,yk E A (B M (in particular, (M, /ii) is a complex and H{M,^i) is a graded 
H{A, ai)-module). 

If both A and M have only degree homogeneous component, then an yloo-module structure 
in M over A is simply a left module structure over the associative algebra A. Similarly, if 
ccfc = and /ifc = for all k > 2, then (M, is a DG module over the DG algebra A. 

Definition 8. Let L be a graded vector space, and ^ = {A^, A: € N} a family ofk-ary, graded 
skew- symmetric, multilinear, degree 2 — k operations, 

Xk-L^ — > L, A; G N. 

The pair (L, ^) is an Loo-algebra if 

X] ^~y^ X] Aj+i(Ai(7;^(i), . . . ,'t;<^(i)),u^(i+i), . . . = 0, 

i+j=k 

for all V = {vi, . . . ,Vk) € , k ^ 'N (in particular, (L,Ai) is a complex and H{L,Xi) is a 
graded Lie algebra). 

Notice that if L has only degree homogeneous component, then an Loo-algebra structure 
in L is simply a Lie algebra structure. Similarly, if A/c = for all k > 2, then (L, ^) is a DG 
Lie algebra. 

Definition 9. Let (L,^) be an L^o-algebra, ^ = {A^, k € N}, N a graded vector space, and 
= {i^fc) ^ £ N} a family of k-ary, graded skew- symmetric (in the first k — 1 arguments), 
multilinear, degree 2 — k operations, 

Uk ■■ L^'^ X N — > N, k£N. 

Define new operations 

A® : (L e N)'' ^LeN, keN, 

extending the previous ones by linearity, skew- symmetry, and the condition that the result is 
zero if more than one entry are from N. The pair {N,jV) is an Loo-module over (L,^) if 

Yl (-)''^ Yl x(f^,b)A®+i(Af(6,(i),...,6,(i)),6,(i+i),...,6,(i+j-)) 

i+j=k aGSij 

for all b = (vi, . . . , m) € L^~^ x N, k G N (in particular, (NjUi) is a complex and 
H{N,vi) is a graded H {L , Xi) -module) . 
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If both L and N have only degree homogeneous component, then an Loo-module structure 
in N over L is simply a Lie module structure over the Lie algebra L. Similarly, if = and 
i^fc = for all k > 2, then (N, jV) is a DG Lie module over the DG Lie algebra L. 

I now define SH Lie-Rinehart algebras [11]. For simplicity, I call the resulting objects LR^o- 
algebras. 

Definition 10. Let {A, 6) be a commutative, unital DG algebra and let (Q,^) be an Loo- 
algebra, cS = {Afc, k € N}. Furthermore, assume that Q possesses the structure of an A- 
module, and A possesses the structure ^ of an L^-module over {Q,JS), = {z^fc, k € N}, 
such that v\ = b. The pair (Q, ^) is an -Li?oo-algebra over {A,5) if 

(1) Vk+i : X A — > A is a derivation in the last argument, and A-multilinear in the 
first k — 1 arguments; 

(2) Formula 

Afc(gi, • • ■,qk-i,aqk) = '^kiqi,-- ■,qk-i \ a) ■qk + {-T''''''^"'^'"'-^~''^a- X^iqi, . . .,qk-i,qk), (4) 

holds for all qi, . . . ,qk G Q, a ^ A, k £ N (in particular, (Q, Ai) is a DG module over 
{A, 6), and H(Q,Xi) is a graded Lie-Rinehart algebra over H {A, 5)). 

If Q and A have only degree homogeneous component, then A is simply an associative, 
commutative algebra, and Q a Lie-Rinehart algebra over it. Similarly, if A^ = for all k > 2, 
then {Q,J2) is a DG Lie-Rinehart algebra over {A, 6). 

In the smooth setting, i.e., when {A, 5) is the DG algebra of smooth functions on a DG 
manifold (see, for instance, [1]), Q is sometimes called (the module of sections of) an Lqo- 
algebroid [T91I3]. 

Definition 11. Let {V, ^) be an Loo-algebra, ^ = {A^, k G N}. Furthermore, assume that 
V possesses the structure of a graded, associative, graded commutative, unital algebra. The 
pair (V, ^) is a SH Poisson algebra i/ is a graded multiderivation for all A; G N. 

Notice that if V has only degree homogeneous component, then a SH Poisson algebra 
structure in V is simply a Poisson algebra structure. Similarly, if A^ = for all k > 2, then 
{V, ^) is a DG Poisson algebra. 

Remark 12. Let (A, 6) be a commutative, unital DG algebra and Q an A-module. The datum 
of an LRoo-algebra structure in Q over {A, 5) is equivalent to the datum of a SH Poisson 
algebra structure in S^Q, restricting to {A, 6) [3]. The operations in S^Q can be obtained 
from the ones in Q, extending the latter as multiderivations. 

Finally, notice that the canonical construction of a Lie algebra from an associative algebra 
can be generalized to the SH context as follows. Let (A, ^) be an 74oo-algebra, £/ = {ak, k G 
N}. Define new operations 

by putting 

(Aafc)(xi, . . .,Xk) := ^ x{(^,x)ak{x^(^i), . . . ,2;^(fc)), 

X = (xi, . . . ,Xk) G A^, i.e., Aafc is the skew-symmetrization of Ok- The Aa's give to A the 
structure of an Loo-algebra [13] . 
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Remark 13. The theory of universal enveloping of Loo-algebras (see, for instance, [2] J is 
not fully developed, not to speak about universal enveloping of LR^o- algebras. However, few 
(naive) remarks can be done in this respect. First of all, recall that a morphism f : A — > A' 
(resp., f : L — > L' ) of A^-algebras (resp., L^-algebras) is a family of K -multilinear (resp., 
skew-symmetric, K -multilinear) maps fk ■ A'' — > A' (resp., fk '■ — > L') satisfying 
suitable compatibility conditions (see, for instance, [12] for details). It is tempting to define 
an enveloping SH algebra for an LRoc-algebra Q over a DG algebra A, as an A^o-algebra E 
together with 1) a morphism of DG algebras j : A — > E, and 2) a morphism of L^q- algebras 
J : Q — > £ such that 3) 

Jk{a ■ qi,q2 ■ ■ ■ ,qk) = j{a)Jk{qi, ■■■qk) 

and 

j{uk{qi,...,qk-i\a)) 
k-l 

= X] X] Yl x{o;Q){^ae+i){JkAqaii),---),---,Jke{---,qaik-i)),ja), (5) 

e=i ki+-+ke=k-iaes< , 

(here S^^ C Ski^...^kt is the set of {ki, . . . , ki) -unshuffles such that 

cr{ki + • • • + ki^i + 1) < a{ki + • • • + ki^i + fcj + 1) whenever ki = ki+i, 

see the definition of morphism of L^q- algebras, e.g., in |12j ). One could then define a universal 
enveloping SH algebra as an enveloping SH algebra satisfying (obvious) universal properties, 
and try to construct it. Developing this ideas goes beyond the scopes of this paper. 

1.4. Homological Perturbations and Homotopy Transfer. The main homological tools 
used in this paper are the Perturbation Lemma and the Homotopy Transfer Theorem. I recall 
in this section those versions of them that will be used below. 

Let {C,6o) and {C,6) be cochain complexes of vector spaces, p : {C,6) — {C,6) and j : 
(C, ^) — > (C, 6o) cochain maps and h : C — > C a degree —1 endomorphism: 

hQiC,6)^iC,5) 

j 

Definition 14. The data {p,j,h) are contraction data for {C,6q) over {C,6) if 

(1) j is a right inverse of p, i.e., pj = id, 

(2) h is a contracting homotopy, i.e., [h,6] = id — jp, 

(3) the side conditions /i^ = 0, hj = 0, ph = are satisfied. 

Now, let {po,jo,ho) be contraction data for a cochain complex (C,(5o) over {C,S). Suppose 
that there is another differential 5 in C, and put t := 5q — 6. The Perturbation Lemma allows 
one to construct contraction data for {C,5) over a suitable new complex {C,6t). 

Theorem 15 (Perturbation Lemma). Let th^ : C — > C be locally nilpotent, i.e., for any 

X € C there is k £ N such that {thQ)^{x) = 0, and 

oo oo 

X ■.= t + thot + thothot H = X ii^oty = ^{thoYt. 

i=0 i=0 
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Moreover, let 6t,pt, jt, ht be defined as 

5t ■.= 6-poXjo 
Pt := po{id + Xho) 
jt := (id + hoX)jo 
ht := ho + hoXho. 

Then {pt,jt,ht) are contraction data for {C,6) over {C,6t) 

Remark 16. A rather standard situation, which will be also encountered in this paper, is 
when C and C are endowed with filtrations 

Co cCi C ■■■ cCi C ■■■ CC, 
Co C Ci C • • • C Ci C • • • C C, 

bounded from below, and such that, 1) they are preserved by 6o, 6, po, jo, ho, and 2) tiCi) cCi_i. 
In this case, tho is automatically locally nilpotent and the Perturbation Lemma applies. 

Contraction data for (C, 5) over (C, 5) can be used to transfer SH structures from the former 
to the latter, in particular when the SH structure one begins with does not possess higher 
homotopies. This is a rather rich source of SH structures. Moreover, there are explicit formulas 
for the higher homotopies of the induced structure. 

Theorem 17 (Homotopy Transfer Theorem, see, e.g., [13). Let (C,(5) and (C, ^) be cochain 
complexes and let {p,j,h) be contraction data for {C,6) over (C, 5). 

(1) Assume (0,6) possesses the structure o of a DG algebra, and let £/ = {a^, k G N} be 
the family of graded operations 

defined by 

ai := 5, Uk ■■= pf3k, k>2, 
where the (3 's are inductively defined by 

71 := -J: 7fc := h/Sj,, 

and 

/3fc(xi, . . . := ^ {-)"-'-^''^''^^i{xi,...,Xi)o-fj^{xe+i,...,Xi+rn), 

i+m=k 

xi, . . . , € C, where a{l, m,x) :=£ — ! + {m — ^)'}2!i=i^i' k > 2. Then (C, ^) 
is an AoQ-algebra. Moreover, if {C,6) is a unital DG algebra with unit Ic such that 
ijp)^c = Ic; then {€,£/) is a strictly unital Aoo-algebra with unit pic- 

(2) Assume (C, 6) possesses the structure [•, •] of a DG Lie algebra, and let ^ = {Afc, k G 
N} be the family of graded operations 

Afc : C^' — > C 

defined by 

Xi-=6, Xk.= pcpk, k>2 (9) 



(6) 
(7) 
(8) 
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where the (j) 's are inductively defined by 

V'l := -j, i'k ■■= h(j)k, 

and 

(pkixi, ■■■,Xk) 

■= J2 J2 • • • '^<7W)'V'm(x^(i!+l), • • • ,2;<7(£+m))], 

£+m=k aSSi^m 

xi, . . . ,Xk G C, where b{£, m,x) := £ — 1 + (m — 1) J2t{i)=i Xa{i)j k > 2. Then (C, ^) 
is an Lao-algebra. 

1.5. Homotopy Transfer of Universal Enveloping. In this subsection I present an ab- 
stract algebraic model for the concrete geometric framework of the next section. 

SH module structures can be transferred along contraction data similarly as in the previous 
subsection. Even more, one can transfer a SH Lie-Rinehart algebra structure along suitable 
contraction data. Namely, let {A, 5) be a commutative, unital DG algebra, let C be a DG 
Lie-Rinehart algebra over (A, 6) with differential and Lie-bracket [•,•], and let C be a DG- 
module over {A, 6) with differential 6. Moreover, suppose that there are A- linear contraction 
data {po,jo,ho) for (C,(5o) over {C,6). Then, it is easy to see that there is an Li?oo-algebra 
structure ^ in C defined in a similar way as in Theorem [T71 I do not report here the obvious 
details. 

Now, consider the symmetric DG algebras S\C and S\C_. In view of Remark \T2\ they are 
endowed with a DG Poisson structure and a SH Poisson algebra structure respectively. I 
denote 1) by {•, •} the Poisson bracket in S\C, and 2) again by 6o and 6 the differentials in 
S\C and S\C, respectively. I claim that the contraction data {pQ,jo, /lo) extend to contraction 
data 

hor^{S-^C,6o)^iS\C,5) 

V — ^ jo 

such that the above mentioned SH Poisson algebra structure in S\C_ is obtained from the DG 
Poisson structure in S\C via homotopy transfer. Indeed, put /C := kerpo- Then C = C©/C and 
S^C 0::^ S\C (8) S\IC. Now, extend po and jo as algebra morphisms, and let h' : S\C — > S\C 
be the extension of Hq as a derivation. Now, for S G S^C (8) S\}C C S\C, put 




if f = 
i/i'S if i > 



It is easy to see that (^JoiJOi^o) are contraction data for {S\C,6o) over {S\C,6) extending 
the previous ones. Thus, in view of the Homotopy Transfer Theorem, there is an Loo-algebra 
structure ^ = {Xk, /c G N} in 5'C given by Formulas Notice that Hq : S\C — > S\C is 
S'^C- linear, i.e., 

/io(ioS S') = (-)^joS /loS', for all S G S\C, E' G S\C. 
Proposition 18. The structures ^ and ^ coincide. 
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Proof. Since ^ extends it is enough to show that the A's are multiderivations. This can be 
proved by induction as follows. I claim that, for any k, (p^is an "approximate" multiderivation 
along jo in the following sense: 

(j)k{T.' . . . ,Sfc-i) 

= i-fh^' M^", Si, . . . , + Si, . . . , joS" + / 

(10) 

for all S', E", Si, ... , S^^i € S\C, where / is the ideal of {S\C, 0) generated by the image 
of ho- Since / C keipo, it follows from my claim and the side condition poho = that 
is a multiderivation. Now, prove the claim by induction on k. First of all, a straightforward 
computation shows that 

M^' s", s) = joS' M^", s) + {-f^"M^', s) ioS". 

Now, assume that ([2]) holds for all k < n, and prove it for k = n + 1. From skew-symmetry 
it is enough to check it on equal, odd elements Si = • • • = S.„ = S. Put 5] := (S' S", S") 
and compute 

,^„+i(S'0S",S") 

= ^E.^ (-)^(^''"'^)('+"){^m(S'0S",S^),^^(S™)} 
= -2{joS'0joS",/io0„(S")} 

+ 2 ElJi (-)'^''""''''^ C^){/io0^+i(S' S", S^), /io</.„-KS"-')} + / 
= -2joS' {ioS",/io0n(S")} - 2(-)^"{ioS",/io0n(S")} joS" 

+ (-/^"{/io0m(S',S^) joS",/io</>n-KS"-')}] +^ 

= (-)^'("+^)joS' 0„+i(S", S") + (-)"^'V„+i(S', S") joS" + / 

where I used the fact that, since h^ij) C / /, then {/io(/), S\C\ C I. □ 

Now, let {U{C),6) be the universal enveloping DG algebra of {C,5q), and suppose there is 
a PBW type isomorphism U{C) ~ "^^C, i.e., an isomorphism PBW : S\C — > U{C) of filtered 
^-modules such that diagram 




Gv,U{C) 

commutes for all k, (the map S^^C — > GrfcC/(C) being given by the composition of projections 
Sj^C — > S\e and S\C — > Grfc[/(C)). Use PBW to identify U{C) and S\C. Then 1) the 
filtrations in U{C) = S\C and S\C_ are preserved by (5o,5,PO) JOj ^Oi and 2) t{Ui{C)) C C/i_i(C). 
It follows from Remark [16] and the Perturbation Lemma that there are contraction data 
{PtiJtiht) for (f7(C),(5) over {S\C^,5_t). Hence, in view of the Homotopy Transfer Theorem, 
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there is an ^oo-algebra structure in S^C canonically determined by the contraction data 
{po,jo,ho) and PBW. 

Example 19. Let M he a smooth manifold, J- a foliation of M , and C its characteristic 
distribution. Moreover, let {C,6o) be the deformation complex of T and {C,6) the Chevalley- 
Eilenberg complex determined by the Bott connection in TM/C. A splitting TM = C ®V 
via a complementary distribution V determines contraction data {po,jo,hQ) for {C,6o) over 
{C,6). Accordingly, there is an LRao-algebra structure in C which I described in |24j (see also 
[HI Il0]j. In Subsection \2.4\ I show how to construct a PBW isomorphism U{C) S'C, via 
purely geometric data (specifically, a connection). One immediately concludes that there is 
an Aoo-algebra structure in S'C. I partially describe this A^-algebra in Section\^ Here, I 
present the toy example when T has just one leaf and C = TM , as an illustration of the main 
technical aspects of the general case. 

When C = TM, the deformation complex of is (DerA(M),(5o = [c^, ■]); TM/C = 0, and 
its Chevalley-Eilenberg complex (C, ^) is trivial. Put A := A(Af). There are contraction data 
(0, 0, ho) for (DerA, 5q) over the complex. The contracting homotopy /iq is defined as follows. 
Every element A G DerA can be uniquely written as [TB] iS. = ijj + Ly, U,V G A (g) X(M). 
Then /io(A) := {—)^iv. The homotopy /iq is A-linear. Accordingly, it determines contraction 
data {po,jo,ho) for (5(A) = 5*DerA, (^o) over {S\C,6) = (A, d), where po : S^DerA — > A 
and jo : A — > 5^DerA are the obvious maps. Notice that the SH Poisson algebra structure 
induced on {A,d) is trivial. The universal enveloping DG algebra o/DerA is {T>{A),6 = [d, •]). 
A PBW isomorphism 'D(A) ~ 5 (A) can be constructed, exploiting a connection V, as follows 
(see (3118] for similar results). Extend the covariant derivative V : X(M) — > DerA to the 
whole A (55 X(M) by A-linearity. For Z G A ® X(M), Lz — = i\/z- It follows that every 
element A in DerA can be uniquely written in the form A = ijj + V^, U, Z £ A<Si X{M), and 
the correspondence 

A (g) X{M)[l] e A (g) X(M) 9 ([/, Z) ^ % + Vz G DerA 

is a well defined isomorphism of A-modules. Accordingly, S{A) identifies with 

5* (A ® X(M)[1]) ® SUA ® X{M)) ~ A A'X{M) ® S'X{M). 

A 

Now, let 

j: = uj(^YiA---AYj(^PeA® A-'X(M) ® S^X{M), 

let . . . , z"", . . . be coordinates in M , and let P be locally given by P = P"'^ ""^-^s^ Q ■ ■ ■ Q 
Define Vp : A — > A via local formulas Vp := P"'^ '"''\/ai ■ ■ ■ Va^, and put 

PBW(S) := ujiy, ■ ■■iy^'^p G ^^j+^A). (11) 

The restrictions PBW : Si{A) — > T>i{A) split the exact sequences — > T>i^i{A) — > 
T>i{A) — > Si{A) — > 0, so that PBW is the required PBW isomorphism. The Perturba- 
tion Lemma gives now contraction data for {T>{A),5) over (A, d). The A^o-algebra structure 
induced on (A, d) is again trivial. 

2. Geometric Preliminaries 

2.1. (A Bit of) Differential Geometry and Homological Algebra of a Foliation. Let 

M be a smooth manifold and C an involutive n-dimensional distribution on it. Now on, I will 
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denote by A the algebra of smooth functions on M. I wiU denote by CX the submodule of 
X{M) made of vector fields in C. Let CA^ := CX"*- C A^(M) be its annihilator, and put 

X := X{M)/CX, V := A\M)/CA\ 

Then CA^ ~ X* and A^ 'r^ CX*. In view of the Frobenius theorem, there always exist 
coordinates . . . . . . ,u", . . ., i = 1, . . . ,n, a = 1, . . . ,dimM — n, adapted to C, i.e., such 

that CX is locally spanned by . . . ,di := d/dx^, . . . and CA^ is locally spanned by ... , du'^, .... 

Consider the Chevalley-Eilenberg algebra (A, d) of the Lie algebroid CX. Namely, A is the 
exterior algebra of A^ and 

(dA)(Xi,...,X,+i) = J](-r+iX,(A(...,X,,...)) + ^(-r+^A([X,,X,],...,l,,...,X,-,...), 

i i<j 

where A G A^' is understood as a C°°(M)-valued, A;-multilinear, skew-symmetric map on 
CX and Xi, . . . , X^+i G CX. The DG algebra (A, d) is the quotient of (A(M),d) over the 
differentially closed ideal generated by CA^ which is made of differential forms vanishing when 
acting on vector fields in CX. In particular, it is generated by degree 0, and d-exact degree 1 
elements. 
In the following, I denote by 

A(M) 9 w I — >lJ€A (12) 

the projection. 

The Lie algebroid CX acts on X via the Bott connection. Namely, denote by 

X(M) 3 X^X (13) 

the projection. Then 

X-Y:= [X, Y] G X, X G CX, Y G X(M). 

Accordingly, there is a DG module (A (g) X, d) over (A, d) whose differential is given by the 
usual Chevalley-Eilenberg formula: 

(dZ){Xi,...,Xk+i) 

= Y,i-y^'Xi ■ Z(. . . , X„ . . .) + Y^i-^'ZiiX^X,], ...,X,,...,X„.. .), 

i i<j 

where Z G A'^ (8) X is understood as a X-valued, A;-multilinear, skew-symmetric map on CX, 
and Xi, . . . , Xfc+i G CX. The tensor product of projections ([12]) and (fT3]) is similarly denoted 

A(M) X(M) 3 Z ^ Z e A^X. 

Remark 20. The differentials d in A and X can be uniquely extended to the whole tensor 
algebra 

0A«)X®*O(CAi)®^ 

requiring Leibniz rules with respect to tensor products and contractions. Such extension is 
nothing but the Chevalley-Eilenberg differential associated to the canonical action of CX on 
0j J X®* ® (CA^)'^-' . In particular, d extends to an homological derivation ds of A(S) S*X. 
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The exact sequence 

^ CX — > X{M) -^X^O 

sphts. The datum of a spHtting is equivalent to the datum of a distribution V complementary 
to C. From now on fix such a distribution. I will always identify X (resp., A) with the 
corresponding submodule (resp., subalgebra) in X{M) (resp., A(M)) determined by V. 

The distribution V ~ TM/C is locally spanned by vector fields of the form 

Va := d/du" + V^di, a = 1, . . . , dimM — n, for some local functions . . . ,V^, . . .. Moreover, 

[a„ Va] = d^v^dj, [Va, Vp] = (w) 

where B}^^ := V^V^ - VpV^. 

Now, consider the deformation complex (DerA, := [d, •]) (see, for instance, [S]) of the inte- 
gral foliation of C. The complementary distribution V determines contraction data (po) JO) ^o) 
for (DerA, (5o) over (A (g) X,d). Accordingly, there is an Li?oo-algebra structure in A (g) X (see 
the second appendix of [21]). Recall that the projection po : DerA — > A ® X is actually 
independent of V and is defined as 

PoA := AU, A € DerA. (15) 

The injection jo : A®X — > DerA depends on V and is defined by 

{3qZ){uj) := Lzio, Z eA<S)X, w G A. 

Finally, the homotopy /iq : DerA — > DerA can be described as follows. First of all, I prove a 
useful 

Lemma 21. An element A G DerA can be uniquely written in the form 

A = iu + Lv + Lw, (16) 

where U,V G A (g) CX, W eA(E)X, and for X G A(M) (g) X{M) I defined Lx G DerA by 
Lxoj := Lxoj, a; G A. 

Proof. It is easy to check the following identity 

\d,Lx]=L2x^ XeA®X{M). 

Now, let A G DerA, put 

W:=poA, V:=AU-poA, U := [A,d]\A + H'^dW 
and check ()16p . It is enough to evaluate both sides of ()16p on generators. Thus, for all f £ A, 

Af = {V + W)f = (iu + Lv + Lw)f 

Similarly, 

Ad/ = [A,^]/ + (-)^dA/ 

= Uf- {-)^{dW){f) + {-)^d{V + W)f 

= iudf - (-)^[d,Iiy]/ + H^dLwf + i-fdZvf 

= {iu + Lv + Lw)df + df 

□ 
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Then /iq is given by 

ho{iu + Lv + Lw) = i-)^iv, U,VeA(E)CX, VFGA(g)X. 

2.2. Differential Operators on a Foliated Manifold. In T){M) := ^{A), consider the left 
ideal V{M)oCX generated by CX. Denote by V the quotient left ^(Mj-module V{M) /V{M)o 
CX, and by 

V{M) 9 □ I — yUeV 

the projection. More generally, let Q be the module of sections of a vector bundle over M. 
Consider the submodule V{A,Q) o CX in V{A,Q) ~ Q ® V{M), the quotient V{A,Q) := 
V{A,Q)/V{A,Q) oCX, and the projection 

v{A,Q) 3n^nev{A,Q). (17) 

Clearly, 'D{A, Q) Q^T), and in the following I will often understand this canonical isomor- 
phism. 

The Lie algebroid CX acts on T> as follows 

X-D :=T^= [X,n], XeCX, U(^V{M). 

Notice that X can be understood as a submodule in T> and the action of CX on X as the 
restricted action. Accordingly, the Chevalley-Eilenberg complex (A ® X, d) extends to a 
Chevalley-Eilenberg complex (A (g) V, d-o) in an obvious way. 

Remark 22. The differential 

d-D ■■A<S)V — >A<S)V 

identifies with 

:P(A,A) bDi — yd^n:=doa eV{A,A), □ eV{A,A). 

Indeed, it is easy to see that both dj) and d* are graded der-operators over d. Therefore, it is 
enough to prove that they coincide on generators, namely, on T>. Let □ G T>(A,A) = A®T). 
Since the isomorphism A^T) — > T>{A, A) is given by uj \ — > wD, then 

= (n,^:), X(^cx, 

where I indicated with (W, X) the contraction of W ^ A^ ® Q with a vector fields X € CX. 
Thus, 

i^v^X) = X • □ := = l^oU\X) = (d*n|A:). 

The module A®T) inherits a filtration 

A (g) Po C A (g) Pi C • • • C A C • • • C A P 

from A®T) and 1) the projection (jl7p . and 2) the differential dj), preserve this filtration. 
Accordingly, the graded object Gx{A®T>) identifies with A^S^jC, and inherits a differential ds 
which coincides with the one in Remark I2UI In particular, [A®S*X, ds) is a DG commutative 
algebra. 

Consider again the complementary distribution V , and notice that, in view of commutation 
relations (fT^ . V is locally spanned by 

Va^-ai ■■= V(ai ■■■Vo.i), i > 0, 
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and they are independent generators. 

Now, consider the universal enveloping DG algebra (P(A),(5x)) of the deformation complex 
(DerA, 5o). In Section [3] I show that the contraction data (poiJOj^o) for (DerA,(^o) over 
(A(8)j£, d) extend to contraction data {p,j,h) for (^(A),^^^) over (A (8> 2?, (ix>)- Here, I take 
only two steps in this direction. Firstly, I define the projection p : 'D{A) — > A (8> D, which is 
given by 

and clearly extends po in (|15p . Moreover, in view of Remark 1221 and the fact that d : A — > A 
does actually belong to 'D{A, A)oCX, p : P(A) — > A^V is a cochain map. Notice that, as 
p is canonical, i.e., it doesn't depend on any other structure than the distribution C. Secondly, 
I consider the DG object (5(A) ~ S'^DerA, 5s) of ('D(A), (5x)) and extend the contraction data 

for (DerA, 5q) over (A(8)X, d) to contraction data for (5(A), 6s) over (S'-^(A(8)X) ~ A(8)S"X, ds) 
as in Section [1.51 The next step is to construct "PBW isomorphisms" 

'A®V^~A®S'X, V{A)^S(A). 

This can be done exploiting an adapted connection. I devote the next section to the introduc- 
tion of this geometric structure. 

2.3. Adapted Connections. In this section C, V are complementary distributions on M. 
We don't require C to be involutive. The above definitions of CX, X, CA^, and A^ are still 
valid in the present general situation. Moreover, let 

X(M) 3 X ^CX eCX 

A\M) B oj ^ uj^ eCA^ 

be the projections. The pair (C, V) determines a distinguished class of connections according 
to the following 

Definition 23. The connection V is called adapted to the pair {C,V) (or simply adapted^ 

_ _ 

(1) it restricts to A\ i.e., VxUJ G A^ for all X G X{M) and w G A\ 

(2) it restricts to CA^, i.e., V xoJ G CA^ for all X G X(M) and uj G CA^ 

(3) Vyw = LyuJ for allY gX, u £ A\ 

(4) Vxuj = {Lxuj)^ for all X G CX, w G CA^. 

Proposition 24. There exist adapted connections. 

Proof. Let V be a fiducial connection. For X G X{M) and u G A^(M) put 

Vxw = ((V^ + Lcx)w^)^ + (Vex + %)^. (18) 

The operator Vx is clearly a der-operator over X, i.e., V xf^ = X{f)uj + fV x^- Moreover, 
Vx is A-linear in X. Indeed, for f € A 

Lcfx^^^ = fLcx^^ + df A icxuJ^ = fLcx^^ 
Lfx^ = fLj^ + df A i-^uj = fL^uj. 

Thus, the correspondence X i — > Vx is a linear connection. The four properties of adapted 
connections are obvious. □ 
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Proposition 25. Let V he an adapted connection determined by a connection V. Then 

VxY = {Vj^ + Lcx)Y + C{Vcx + I^)CY. (19) 

In particular, 

(1) V restricts to X, i.e., V xY G ^ for all X G je(M) and y G X, 

(2) V restricts to CX, i.e., V xY € CX f or all X G X(M) and Y G CX, 

(3) VyX = C[Y, X], and V xY = [Y, X] for allY eX, X e CX. 

Proof. Let X,Y e X{M), and uj G A^{M). 
{VxY,u;)=X{Y,u) - {Y,Vxio) 

= X{Y, oj) - {Y, (V^ + Lcx)oo^) - {CY, {Vex + Lj^P) 

= X{Y,uj) - X{Y,io^) + {{Vj^ + Lcx)Y,io^) - X{CY,lJ) + ((Vex + I^)CY,io) 
= ((V^ + LcxW + C{\/cx + Lj^)CY, oj). 

□ 

It is easy to see that every adapted connection is of the form (jlSp : for an adapted connection 
V it is enough to put V = V. Indeed, 

((V^ + Lcxp^f + (Vex + Lj^P = (V^ + LcxP^ + (Vex + I^P 

= Vxw*^ + VxoJ 
= Vx^- 

Proposition 26. Let V be an adapted connection determined by a connection V with torsion 
T G A^(M) (8) X{M). The torsion TofVis given by 

T{X,Y) = f(X,Y) + C{f{CX, CY)) - [CX, CY] - C[X,Y], X,Y eX. 
Proof. Compute 

T{X,Y) = VxY -VyX -[X,Y] 

= (V^ + Lcx)F + C{Vcx + Lj^)CY 

- iVy + LcY)X - C{VcY + Ly)CX - [X, Y] 

= f(X,Y) + Cf{CX, CY) + [X,Y] + C[CX, CY] 

+ [CX,Y] + C[X, CY] + [X, CY] + C[CX, Y] - [X, Y] 

= f(X,Y) + Cf{CX, CY) - [CX, CY]-C[X,Y]. 

□ 

Corollary 27. A torsion-free adapted connection exists iff both C and V are involutive. 

Proof. If both C and V are involutive, an adapted connection determined by a torsion-free 
connection is torsion-free as well. Conversely, let the adapted connection V determined by a 
connection V be torsion-free. Then, for X,Y X, 

= T{X, Y) = f{X,Y) - C[X, Y] =^ C[X, Y] = 0. 
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Similarly, for X, y G CX. □ 
Definition 28. An adapted connection V is called torsion-quasi-free if 



T{X,Y) = - [CX,CY]-C[X,Y]. 
Corollary 29. There exist torsion- quasi- free adapted connections. 

Proof. The adapted connection determined by a torsion-free connection is torsion-quasi-free. 

□ 

Now, suppose that C is involutive and let V be a torsion-quasi-free adapted connection. Let 
T be the torsion of V. Then, clearly, 

(1) V extends the Bott connection, 

(2) T coincides with the canonical metaplectic structure in V, up to a sign, 

(3) In view of (fn]) 

T{Va,Vis) = -Ri^d,. (20) 

2.4. Two PBW Isomorphisms. Now, let C be again an involutive distribution on M, and 

V a connection in A^(M) adapted to the pair {C,V) and torsion-quasi-free. The connection 

V determines two PBW type isomorphisms (see [13] for a similar result) 

PBW : A0P^ A0 5*]e, PBW : P(A) « 5(A) 

as follows. For a; G A and P G S'X, put 

PBW fg; (g, P) := uj (g, VJ, 

where Vp is defined as in Example [191 To define PBW notice, first of all, that every derivation 
A G DerA can be uniquely written in the form 

A = iw + S/v + Lz, (21) 

W,V £ A 1^ CX, Z G A (g) X, where Vv^ is defined as in Example \W\ Indeed, let 

A = iu + Ly + Lz, 

[/, y G A (g) CX, Z G A X. Now, since V is adapted, and torsion-quasi-free, then Ly = 
Vy + ivv, with Vy G A (g) CX. Thus <^ holds simply putting W := U + W. Clearly, the 
correspondence 

A(g)CX[l]®A(gCX(BA(gXB {W,V,Z) ^iw + Vv + Lz G DerA 
is an isomorphism of A-module, so that 

5(A) ~ A (g) A'CX (g S'CX S'X 
and po : 5(A) — > A (g S'X is the obvious projection. Moreover, let 

S = a;(gXiA---AXfc(gP«)(5G 5(A), 

put 

PBW(S) := ujix, ■ ■ ■ ix^^P&Q G ^^(A)- 
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Remark 30. In general, the isomorphisms PBW , and PBW are not compatible with projec- 
tions p,po- However, if one uses them to induce an injection j^ : A®T> — P(A), from the 
injection jo : A (8) S'X — > 5(A) , then the former is a right inverse of p. Indeed, clearly 

PBW = po PBW o jo, 

so that, forT,eA^ 

(p o jo^ o PBW)S = (p o j~ o p o PBW o jo)S 

= (p o PBW o jo o cji o p o PBW o jo)E 
= (p o PBW o jo o po o o-j o PBW o jo)S 
= (p o PBW o jo o po o jo)S 
= (po PBWo jo)S 
= PBW(S). 

In the following, I will often understand isomorphisms PBW and PBW. 

3. The Aqo-Algebra of a Foliation 

Let M be a smooth manifold and C an involutive distribution on it. Summarizing results 
obtained so far, a complementary distribution V and a torsion-quasi-free adapted connection 
V determine 

(1) Contraction data (po,jo5^o) for (5(A), (^5) over (A (g) d^) , 

(2) PBW type isomorphisms A (g) P A ® S'X, T>(A) w 5(A), 

Notice that, actually, i) po is independent of the supplementary geometric data V and V, 
and 2) jo, /lo do only depend on V. 

Now, put t = 5s — SD : 'C(A) — > T){A). Perturbation Lemma determine a "new" differential 
dt : A(g)'D — > K®V and contraction data {pt,jt,ht) for {V{A),6d) over {Ai^V,dt), given by 
formulas (I6l),([7]),(l8]). In its turn, the Homotopy Transfer Theorem determine an Aoo-algebra 
structure in (A (g) T>,dt)- Before giving more detail about this structures, I remark that pt is 
actually independent of V and V and coincides with the canonical projection p : T>{A) — > 
A (g) D. To show this, first notice that pjo = id and pho = (the first identity is discussed in 
Remark [30l while the second one is immediate from the definitions of /iq and p) . It follows 
that pjt = id and pht = 0. Now, let □ € V(A). Then 

= p[ht, 6]a = p(id - jtpt)a = (p - pt)a. 

As an immediate consequence, dt is also independent of V and V and coincide with the 
canonical differential djy : A®T> — > A®T>. In the following, I put j := jt and h := hf. 

I am finally in the position to furnish few details about the (strict unital) ^00-algebra 
structure {a^, k G N} on A(g)D. To this aim, notice that the isomorphism PBW : T){A) ~ 5, 
(resp., PBW : A(gP ~ A(g5*X) determines a new grading in T>{A) (resp., A(g)D), which I call 
the order and is given by the decomposition 5(A) = 0^ 5fcA (resp., A^S'X = 0^, A (g S'^X) . 
Every map of the spaces T){A) and A (g) D have its homogenous components with respect to 
the order. I denote by (/iW the i-th one, and by 0{i) a generic (no better specified) object of 
order no higher than i, e.g., 

5v = 6s + Oi-l), dv = ds + 0{-l), p = po + 0(-l), h = ho + 0{-l). 
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Similarly, 

t = t[-il + 0(-2), 

and 

j = h + hot^-'^jo + 0{-2). (22) 

I will not need to compute t^~^^. Finally, the composition o of differential operators in P(A), 
decomposes as 

o = + ® +0(-2), 

where I put ® := o[~^l. 

Notice that, in view of the above decompositions of 6T>,dD and the contraction data {p,j, h), 
the k-th Poisson bracket in A^^'X is the skew-symmetrization Aa^ of .In particular, 
the skew-symmetrization of Aa^^ vanishes for A; > 3 [24j . My next aim is twofold: 

(1) proving that a^^ is the highest order component of a^, i.e., = a^^ + 0{—k), 
for k^2, 

(2) "computing" a^^ and, in particular, showing that it is zero for A; > 3. 

Notice that the first claim states that the order of a^ilDi, . . . , Dfc) is no higher than 1 — k + 
'Ylii^i fo'^ — C'(^j), i = 1, . . . , A;. The claim that aj,^ = for A; > 3, can be interpreted 
as a further motivation why the -Li?oo-algebra structure in A X presents just one higher 
homotopy [23] . In order to reach my aim, I first prove a 

Lemma 31. The order —1 component of the projection p vanishes, i.e., p^~'^^ = (so that 
p = PQ + 0{-2)). 

Proof. Let □ € 2^ (A) be of the order H. Then, □ is locally of the form 

k+£+m=H 

where lij^-i^. '■= idi^ ■ ■ ''^di^i ™d the ^'s are components of a (contravariant) tensor. The ^'s 
are skew-symmetric in the i's, symmetric in the j's and symmetric in the a's. Compute 

Clearly, 

Now, let £ > 0, 

A<2\ji---jl\ai-am'^ . . . . \7 . \7 . . . \7 



■an- 



— A0\ji---je\ai—am ST^ \7 . . . . V7 . V . . . \V7 . \7 1 . . . rz 

— ^ 2_^^0\ ^ 3t-\^ ax V^Jn^aA ^ am- 

r<m ^ 

Since V is adapted and torsion-quasi-free 

[Vi, Vq,]A/3,.../3, = ^i?j^_g/A/3i.../3.../3,, (23) 



s<t 
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for all covariant tensors A locally of the form 

A = A^j...^,(iu^i (g) • • • c?ii^'. 
In dSl) R"^ is the curvature tensor of V. It follows from ([23]), that [Vj, V^] = 0(0), and 

(Vo-i • • • V,,)V(„, • • • V„„)) eO{£ + m-2) 
for all i, m. I conclude that 

pU=poU + 0{H -2). 

□ 

The following proposition is a corollary of the above lemma, and the side conditions ph = 0, 
hj = 0, /i^ = 0. 

Proposition 32. 



Ik 


= 0(l 


-k), 


k > 1 




= 0{2 


-k), 


k>2 


Oik 


= 0{1 


-k), 


k>3 



while 

02 = 0(0). 

\l—k] 

Moreover, the highest order componet of ak can be computed iteratively via formulas 

£^(□1, . . . , Dfc) :=- {-r^'^"'^''ht'^ (Di, •••,□£) ® it""^ (n^+i, • • • , n^+m) 

£+m=k 

7fc = hoEk, 
[1-k] 

□ = (Di, . . . , Dfc) G [K^T))^ , being a k-tuple of homogeneous elements of given orders, k > 2. 

Proof. The two parts of the proposition can be checked simultaneously by induction on k. 
Indeed, 71 = -j = -jo + 0(-l), /Ss = i(-) o j(-) = jo(- -) + 0(-l), and aa = 
(— 0— ) + 0(— 1) (where I used that po preserves the product 0). Moreover, 

72 = hf32 = h{j{-)oj{-)), 

so that 

7?=Mo(-0-)=O. 

Thus, compute 

= h^~'^jo{- -) + /io(i["'k-) Jo(-) + Jo(-) ®io(-) + Jo(-) j["'l(-)) 
= /io(jo(-)®Jo(-)) 
where I used formulas ([8]), ([22]) . Now, 

/3/^= E (-)'"V(-)°7«^(-) 

^+m=fc 
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with 7^ = 0(1 — i) and 7^ = 0{1 — m) by induction hypothesis. Therefore, it is immediately 
seen that j3k = 0{2 — k), and 

i+m=k 



SO that 
But 



7fc = hfSk = 0{2 - k). 

l+m=k 

= E {-Y~^ho{hoei{-) Qh^erni-)) 

e+m=k 

= 0. 

Now, compute 

= E (-)^-^(7i-''(-) 07r-](-) +7r''(-) ©Tr-^k-) +7r''(-) ©tl-'-ic-)), 

£+m=k 

and 

where I used ([8]). 
Finally, compute 

ak=pPk = 0{2-k). 

But 

«r'' = pof^t'' = E (-)^-wr^k-) QPoit-K-) = 0, 

where I used the side condition pofiQ = 0, and 

4'"'^ =P^~'^Pt'^+PoPt'^=PoPt'^=Poek, 
where I used the above lemma and the side condition po^o = again. □ 

In view of the above proposition, a formula for ® is enough to get inductive formulas for 

the 's. These formulas, which I compute in the proof of the next lemma, actually show 

that a^^ = for /c > 3, as announced. 
Now on put 

Sij^i := A (g) A*CX (g) S^CX ® S^X c 5(A) 
Lemma 33. Let Di € Sj-fi/ and ^2 G Ssfi^m, then 

□ 1 ® ^2 € Sr+s,l,e+m-2 + Sr+s,0,e+m-l + Sr+s-l,0,l+m 
ho{Di ® 02) G Sr+s+l,0,m+e-2 

' A_0 5^+™-^ i/r + s = 
Po(ni®n2)G<J A«)5^+™X i/r + s = l 

i/ r + s > 1 
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Proof. The operators Di and ^2 are locally of the form 
Then 

+ £ci,n-v|a:-a,v„,*^--^-=l^--^'" V(„, • • • ■ ■ ■ V^^) 

+ rci>^i-*'-l—^/,,^^--^-=lft-/5- V(,, • • • V„,V;3i • • • V^„) + Oii + m-2). 
It remains to compute 

(V(.,---V„,)V(,,...V,„))[^+-i]. 
Let ^'^i- -"fl/3i -/3m ]-,g symmetric in the a's and the /3's separately. Then 

= A"--^i^i-^-(v„, • • • v„,v^, • • • v^„)[^+'"-i] 



m + 1 
I conclude that 

m 
m + 1 



n, (a Ho — — ^^^^ ^**i''''''l""i'''"^-i\i/-?i'''-?'''l''°'^''''^^+'"-29- • • ■ v-V/ ...v ^ 



I /'(f,n---v|aai---a£~i vy mil ■■■is laf-Of+m-i . . . .TT, ...V 

□ 

Corollary 34. Ze^ Di, . . . , Dfc eA(^V with Dj ftemg 0/ the order £i. Put £ := £1 -\ h 4- 

Then 

7^ ''"^('^ii • • • ^^k) G Sk~l,0,e~2k+2, 

,l/-2fc+2 + 5fc_2,0/-2fc+3 + 5fc_3,o/-2fc+4, 

' A«)5^"iX ifk = 2 
A^S^-^X ifk = 3 , 
ifk>3 

k>l. 

Proof. Immediate, by induction on k. □ 

[1— fcl — — 

Now, compute , for k = 1, 2, 3. Let Di, ^2, Da G Ai^D be locally given by 

= $-1 i = 1,2,3. 

First of all, 

ttg (.L-li,U2j - <Pi 3'2 l/ai-.-a^+s- 



4'-'^](ni,...,nfc) G <; 
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Moreover, using Formula (|24p . it is easy to see that 
which are duly consistent with formulas in j24j . 

Remark 35. Notice that the natural T>{K)-module structure in A can he transferred along 
the contraction data {p,j,h) as well. Indeed, A is actually a DG module over T>[K) with 
differential d : A — > A. Moreover, this DG module structure (and the DG algebra structure 
in V{A)) can be encoded in a DG algebra structure in V^A) © A given by 

(□i,c^i)(n2,t^2) := (Di on2,ni^^2), {ai,iOi) ev(A)®A, i = i,2, 

with differential 6® := 6x> © d. Similarly, consider the complex (A © P © A, d®) where d® := 
dT>®d. There are obvious retraction data {p®,j®,h®) o/(D(A)ffiA, S®) over (A©^©A,d®). 
Namely, 

p®:=pQ id, j®:=j©id, /i®:=/i©0. 
Accordingly, there is a A^o-algebra structure {a®, A; € N} m A © 2? © A. By construction, 

a®((ni,a;i), . . . , (Dfe, Wfc)) = afcpi, . . . , Dfc) + afiUi, Dk-uoji,), 

(□i, c^jj) G ^'(A) (B A, i = 1, . . . ,k. Therefore, if one put 

//^(□i, . . . , afc-ijo;) := Q®(ni, . . . , nk_i,uj), 

then {/ifc, A; € N} is an A^-module structure in A, over the A^-algebra A © T). It is easy to 
see that, since h® p = for all p G A, then the fi 's are simply given by 

pi = d 

Pki^i, Dk^ilu) = • • • , Ofc-i V, k>2. 

Conclusions 

I proved that the Li?oo-algebra (A © X, ££) of a foliation [24] can be actually extended in 
a natural way to an ^oo-algebra (A © T>, £/) of longitudinal form-valued normal differential 
operators. This can be done via purely geometric data, namely a distribution complementary 
to the characteristic distribution and a connection (of a suitable kind). Notice that (A©jC,^) 
can be interpreted (to some extent) as the (derived) Lie-Rinehart algebra of vector fields on 
the space M of integral manifolds. Similarly, it is natural to interpret (A © V, ^) as the 
(derived) associative algebra of differential operators on M. In this respect, it is tempting to 
conjecture that (A © T>, s^) is a universal enveloping SH algebra of (A © X, .if). However, the 
theory of universal enveloping of Li?oo-algebras (or Loo-algebroids) is not yet available and 
developing this research line goes beyond the scopes of this paper. Here, I just notice that 
(A © T>,£^) is indeed a (possibly non universal) enveloping SH algebra of (A © X,=Sf) in the 
following sense. The inclusion A © X — ?■ A © I? can be trivially extended to a morphism 
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J : A (g) X — > A (8) P of the Loo-algebra (A X, ^) and the Loo-algebra obtained by skew- 
symmetrization of operations in £/, simply putting = for k > 1. Then, it is easy to see, 
using the explicit fomulas for brackets in [2l], that 

z/fc(Zi, . . . = (Aafc)(Zi, . . . ,Zfc„i,tj), u e A, ZiGA(g)X, 

i = 1, . . . ,k — 1, which specializes ([5]) to the present simple case where j is an inclusion and 
= for > 1. 
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